A summary is given of recent theoretical works on effects of the RudermanKittel-Kasuya-Yosida (RKKY) interaction between the localized spins in various dimensionality systems of doped diluted magnetic semiconductors (DMS). Since this interaction is long-range, its influence on the temperature and magnetic field dependencies of magnetization and spin splitting of the bands is evaluated in the mean field approximation, but by taking into consideration disorder-modified carrier-carrier interactions. Theoretical evaluations show that the hole densities, which can presently be achieved, are sufficiently high to drive a paramagneticferromagnetic phase transition in bulk and modulation-doped structures of II-VI DMS. The results of recent magnetooptical studies on MBE-grown samples, containing a single, modulation-doped, 8 nm quantum well of Cd 1−x Mn x Te/Cd 1−y−z Mg y Zn z Te:N are shown to corroborate the theoretical expectations. These studies reveal the presence of a ferromagnetic transition induced by the two-dimensional hole gas. The transition occurs between 1.8 and 2.5 K, depending on the Mn concentration x, in agreement with the theoretical model.
Introduction
Magnetic properties of diluted magnetic semiconductors (DMS) are known to be dominated by antiferromagnetic superexchange interactions between the localized spins [1] . It has been known for a long time that the compensation of these interactions by a ferromagnetic coupling would result in a dramatic enhancement of the sensitivity of DMS to the temperature and to the magnetic field, particularly in the vicinity of the ferromagnetic phase transition. Search for the ferromagnetic transition has been successful in the case of Mn-based p-type IV-VI [2] and III-V compounds [3] , in the latter case a critical temperature as high as 110 K has recently been reported for Ga 0.95 Mn 0.05 As [4, 5] . In the case of II-VI DMS, a tight binding model [6] suggests that the superexchange in Cr-based DMS might be dominated by a ferromagnetic contribution. Accordingly, an attempt has been undertaken [7] to overcome the well-known small solubility of Cr in II-VI compounds by means of MBE growth of Cd 1−x Cr x Te.
A rapid progress in doping of II-VI wide gap semiconductors by substitutional impurities has recently been achieved. For instance, electron and hole concentrations in the excess of 10 19 cm −3 have been reported for ZnSe:I [8] and ZnTe:N [9] . At the same time, modulation doping of II-VI quantum wells by either electrons [10] or holes [11] as well as patterning of conducting quantum wires [12] has been successfully performed. Motivated by this progress a theoretical analysis of the nature and strength of the carrier-mediated spin-spin interactions in bulk, layered, and nanostructured II-VI compounds has been undertaken by the present authors and co-workers [13] . The results of that work [13] are described here. Two alternative approaches, the RKKY and self-consistent models, are discussed and their equivalence is demonstrated in the mean field approximation (MFA). The role of disorder and carrier-carrier interactions is examined, and shown to be important. Physical arguments supporting the validity of the MFA, even in the reduced dimensionality systems, are also discussed. Quantitative estimations based on the theoretical results are then presented. They indicate that even for the highest available electron density no transition to the ferromagnetic phase is expected above 1 K in II-VI DMS. By contrast, such a transition is predicted for p-type materials, either in the bulk or modulation-doped form. It has recently been demonstrated [14, 15] that indeed the hole liquid in single modulation-doped quantum wells of Cd 1−x Mn x Te/Cd 1−y−z Mg y Zn z Te:N induces the foreseen transition. The corresponding experimental results, together with conclusions and outlook, are presented in the final sections of the present paper. Another review of works devoted to studies of ferromagnetism in II-VI DMS [16] gives a fuller account of the experimental aspects.
The influence of delocalized or weakly localized carriers on the interaction between magnetic ions is of interest here. The dimensionality d of the subsystem of the carriers is determined by the shape of the potential V (ζ) that leads to their confinement. Accordingly, the case d = 1 or d = 2 corresponds to a two-or onedimensional potential well, respectively. Because of a short magnetic correlation length [1] the localized magnetic moments gµ B S i are assumed, to form a macroscopic 3D system. Thus, according to experimental studies [1, 17] their magnetization in the absence of the carriers can be described by a modified Brillouin function,
, where effective spin concentrationxN o < xN o and temperature T + T o > T account for the influence of antiferromagnetic superexchange interactions [1, 6, 17] .
Ruderman-Kittel-Kasuya-Yosida model
The carrier-mediated spin-spin coupling is usually described in terms of the Ruderman-Kittel-Kasuya-Yosida (RKKY) model, which provides the energy J ij of the exchange coupling, H ij = −J ij S i · S j , between two spins located at R i and R j as a function of the density-of-states of the carriers at the Fermi level,
F / 2 , and the exchange integral I of their interaction with the spins, H i = −Is · S i δ(R − R i ). Following the well known procedure [18] and adopting the one-band effective-mass approximation we obtain to the second order in I
Here r is the vector in the d dimensional space, ϕ o (ζ) is the ground-state envelope function of the carriers in the confining potential V (ζ), and
where si(y) is the sine-integral and J n (y) is the Bessel function. The asymptotic behaviour of F d (y) for large y is π cos(y)/2y, sin(y)/y 2 , and − cos(y)/y 3 , while for y → 0, [19] , and for d = 1 that of Yafet [20] , whereas the expression for the case of d = 2 is equivalent to the formula given recently by Aristov [18] . Knowing the dependence J ij on the distance between the spins r we can calculate the mean-field value of the Curie-Weiss temperature of spins located at ζ i , Θ(ζ i ) = S(S + 1) j J ij /3k B . Since in semiconductors, unlike in metals, the value of y that corresponds to the distance r between the nearest neighbouring spins is much smaller than the period of the oscillatory functions in equations 2-4, y nn = 2k F r nn ≪ 1, we replace the summation over the ion positions by an integration extending from y = 0 to ∞. Under the assumption that the distribution of the magnetic ions is random we obtain Θ, averaged over ζ, in the form,
which shows that the net RKKY interaction is ferromagnetic, Θ > 0. This is in contrast to the case of metals where a spin glass phase is observed. In semiconductors, however, where the mean distance between magnetic ionsr = (4πxN o /3) −1/3 , is much smaller that the electron wavelength λ F = 2π/k F , the spin-spin interaction mediated by the carriers is merely ferromagnetic. Since Θ is proportional to the effective mass, to the degree of confinement as well as to the square of the exchange integral I we expect much greater magnitudes of Θ in the presence of the holes than for the electrons in II-VI DMS.
The above approach neglects intervalley or intersubband virtual transitions. Since those terms in J ij , which result from such transitions, contain products of orthogonal envelope functions, ϕ * ν (ζ j )ϕ ν ′ (ζ j ), their contribution to Θ vanishes, provided that the concentration of magnetic ions is uniform. Moreover, in such a case each of the occupied valleys or subbands gives an independent contribution to Θ, described by the relevant ϕ ν (ζ) and k (ν) F .
Self-consistent model
In this section we present results which demonstrate the equivalence -on the level of the MFA and for a random distribution of the magnetic ions -of the RKKY approach and a simple self-consistent Vonsovskii model of the ferromagnetism [22, 23] .
We start recalling the molecular-field relation between the magnetization of the localized spins, M(T, H), and the spin-splitting of the relevant band,
where g and g * are the Landé factors of the localized spins and the carrier spins, respectively. In the MFA, M is induced by the external field H and the molecular field produced by the carriers,
Here n ↓,↑ is the density of spin down and spin up carriers, respectively, which, at
, where the dependence of ε F on ∆ is to be determined from the condition n ↑ +n ↓ = n, with n being the total carrier density. A similar model of ferromagnetism, developed for the case of a nondegenerate gas of carriers thermally activated from the impurity levels, was put forward by Pashitskii and Ryabchenko [23] .
The above set of coupled equations makes it possible to determine in a selfconsistent way the mean-field values of ∆ as functions of temperature and magnetic field. In particular, in order to evaluate ∆(T, H) above the phase transition we take into account the terms which are linear in H + H * . Such a procedure leads to,
where ∆ o (T, H) and χ o (T ) are the spin-splitting and the magnetic susceptibility in the absence of the free carriers. We see that for the magnetic susceptibility of the form 
Applicability of the mean-field approximation
The long range character of the ferromagnetic interaction, λ F ≫r, has also important consequences for the nature of the phase transition. It has been shown [24] that as long as σ < d/2 in the dependence J(r) ∼ 1/r d+σ , the mean-field approach to the long wavelength susceptibility χ(T ) is valid, a conclusion non-affected presumably by disorder in the spin distribution. By contrast, the critical exponents [24] η = 2 − σ and ν = 1/σ point to much faster decay of χ(q) with q than that expected from the classical Ornstein-Zernike theory [25] . This means that our meanfield model of the ferromagnetic transition driven by the RKKY interactions should remain valid down to at least |T − T c |/T c ≈ (rk F ) 2 . At the same time, unlike the case of short range interactions, the length scale of magnetic correlation is set by λ F , not byr. This means that for λ F ≫r the critical fluctuations of magnetization will be strongly suppressed, an expectation corroborated by the virtual absence of critical scattering of the carriers by the Mn spins in bulk Pb 1−x−y Mn x Sn y Te [26] , where the free holes drive a ferromagnetic transition [2] , and its presence in, e.g., EuS:Gd and EuO:Gd [27] , in which a short range ferromagnetic interaction between the Eu spins dominates [28] . At the same time, it is expected that the suppression of the critical fluctuations will make it possible to probe directly the magnetic long range order by means of inter-or intraband magnetospectroscopy.
Effects of disorder, carrier-carrier interactions, and magnetic polarons
So far we have disregarded the influence of the potential scattering and the Coulomb interactions among the carriers upon the magnitude of Θ. The former is known [29] to introduce a random phase shift in the oscillatory functions of equation 1. This random phase shift has no effect on the magnitude of the second moment of the distribution of J ij [30] but, after averaging over the disorder, leads to the dumping exp(−r/ℓ) of the first moment [29, 30] , where ℓ is the mean free path for elastic collisions. The corresponding reduction factor of Θ to the lowest order in 1/k F ℓ is given by 1 − 1/12(k F ℓ) 2 , 1 − π/8k F ℓ, and 1 − π/4k F ℓ for d = 1, 2, and 3, respectively. Hence the effect of disorder becomes important on approaching the strongly localized regime, k F ℓ → 1. In this range, however, the magnetic susceptibility of the carriers becomes substantially enlarged by the disorder-modified electronelectron interactions [31] . The resulting enhancement factor of Θ, originating from the RKKY interactions between the spins located at r > ℓ [32] , can be written in the form:
2 , respectively. Here F is the effective Coulomb amplitude, which becomes greater than 1 for k F ℓ → 1; L s = (Dt s ) ≫ ℓ is the spin diffusion length, where D = k F ℓ/dm * and t s is the spin-disorder scattering time [31, 33] . The effects of disorder and electronelectron interactions can also be incorporated into the self-consistent formalism by taking into account collision broadening of the density of states as well as by determining H * from gµ B H * = I∂Ω/∂∆ with the Gibbs free energy of the carriers, Ω containing effects of the disorder-modified electron-electron interactions [31] .
A crucial question which arises at this point concerns the actual magnitude of the enhancement factor A F in the real materials. It turns out that A F is approximately equal to 1 + g 3 , where g 3 is a parameter that controls the spin-splitting-induced positive magnetoresistance in disordered systems [31] . For example, by taking g 3 determined for bulk n-Cd 0.95 Mn 0.05 Se [34] and superlattices of n-Si/Si 0.5 Ge 0.5 [35] we obtain A F ≈ 2.3 and 2.5, respectively. Such a mechanism leads also to an enhancement of the spin-disorder scattering rate, as demonstrated by an analysis of the linewidth of spin-flip Raman scattering (SRRS) in n-Cd 0.95 Mn 0.05 Se [36] . By contrast, the interactions within the Fermi liquid do not renormalize the carrier spin-splitting ∆(T, H), as given by the Stokes shift of the SFRS line [36] . The lack of contribution to ∆(T, H) from the exchange interactions among the carriers stems from the fact that the projection S z of the total spin S of the carriers undergoes a change in the process of SFRS, while S, and thus the interaction energy, remain conserved.
A particularly strong can be a combined effect of disorder and on-site Hubbard repulsion in the vicinity of the metal-to-insulator transition (MIT) in doped semiconductors. Here, a growing amount of evidences has been collected in favour of a phenomenological two-fluid model of electronic states [37] . According to that model the conversion of itinerant electrons into local moments occurs gradually, and begins already on the metal side of the MIT, leading to the coexistence of the extended and strongly localized states. In magnetic materials, the local moments can be polarized, via the s-d interaction, the neighbouring Mn spins (there are about 200 Mn ions within the Bohr orbit in n-Cd 0.95 Mn 0.05 Se). Bound magnetic polarons formed in this way not only impose a local ferromagnetic order above T c , but also constitute the centers of efficient spin-dependent scattering for itinerant electrons [34, 36, 38] . The corresponding scattering rate is proportional to the degree of polaron polarization. The latter is proportional to the magnetic susceptibility of the Mn spins, χ(T ), and therefore increases steeply on approaching the ferromagnetic phase transition. This mechanism accounts presumably for critical scattering of holes and negative magnetoresistance detected recently in p-Ga 1−x Mn x As near T c [5] . By contrast, no such effects are seen in p-Pb 1−x−y Mn x Sn y Te [26] , where a large dielectric constant reduces the Hubbard repulsion, and thus precludes the formation of bound magnetic polarons.
We conclude that, in fact, the disorder is expected to enlarge a characteristic temperature of the ferromagnetic interactions in semiconductor structures. This enhancement may also be important in pure 1D systems, where the interaction-driven separation of the charge and spin degrees of freedom modifies J(r) [39] . In the zerodimensional case such as quantum dots both correlation effects and the fluctuations of magnetization associated with the finite volume visited by the carriers are of the paramount importance. A variant of the theory developed for bound magnetic polarons [40] should be applied for those systems. [17, 41] . It has been noted that the spin-orbit interaction reduces the spin-splitting of the Γ 8 heavy holes at the Fermi level according to [42] ∆(k) = I|M · k|/gµ B k, which after angular averaging results in an effective spin density of statesρ F = 1 2 ρ F . We see in figure 1 that for sufficiently high hole concentrations so that the holes remain delocalized [43] , Θ > T o in a wide range of Mn concentrations. Furthermore, since for the above parameters the Kondo temperature T K ≈ ε F exp[−1/(3|I|ρ F )] = 1.1 K, a crossover to the Kondo regime, T K > Θ, T o will take place at relatively low Mn concentrations, x < 1%. These considerations suggest, therefore, that a ferromagnetic phase transition can occur above 1 K in p + II-VI compounds. This is unlike the case of n-type doping, for which no ferromagnetic phase transition is expected above 1 K, as shown by the two bottom curves in figure 1 . It is worth noting, however, that on lowering temperature T o decreases, especially for low Mn concentrations [44] . Indeed, for the highest value of χ o ever reported for any DMS [44] , that is χ o = 4.8 × 10 −3 emu/g for Cd 0.99 Mn 0.01 Se at 15 mK, a ferromagnetic phase transition is predicted from equation 5 for material parameters of n-Cd 1−x Mn x Se [40] provided that n 1.5 × 10 19 cm −3 . Since I > 0, there is no Kondo effect for the electrons in DMS.
Quantitative estimations
Turning to the case of holes in DMS quantum wells we note that the confinement and possibly the biaxial strain lead to a splitting of the heavy and light hole bands [45] as well as to a strong anisotropy of the spin-splitting [46] . Actually, the coupled system of the 2D holes and the Mn spins is Ising-like as the spin-splitting of the ground-state subband undergoes a maximum for the magnetization parallel to the growth axis. By taking parameters suitable for the uppermost heavy-hole subband in a quantum well of Cd 0.9 Mn 0.1 Te, m * h = 0.25m o and |ϕ o (z)| 2 = 1/L W , where L W = 50Å, we predict the ferromagnetic transition to occur at about 2 K for A F = 1, independently of the hole area concentration p, since in our model the 2D density of states does not vary with ε F . At the same time, the saturation values of ∆ and M do depend directly on p according to ∆ s (T ) = IM(T, H * s )/gµ B , where
11 cm −2 . Finally, we note that in the case of 1D structures Θ increases with decreasing the carrier concentration. This, together with the correlation effects discussed above demonstrate the outstanding properties of such systems.
Comparison with experimental results
The relevant experimental studies [14, 15] have been carried out on 2D structures grown by molecular beam epitaxy (MBE) [11] . The nitrogen modulation-doped structures consist of a single 8 nm quantum well (QW) of Cd 1−x Mn x Te embedded in Cd 0.66 Mg 0.27 Zn 0.07 Te barriers grown coherently onto a (001) Cd 0.88 Zn 0.12 Te substrate. Such a layout insures large confinement energies for the holes in the QW, minimizing at the same time the effects of lattice mismatch. Nitrogen-doped region in the front barrier is at the distance of 20 nm or 10 nm to the QW. Furthermore, in order to reduce depleting effects, two additional nitrogen doped layers reside at the distance of 100 nm from the QW on both sides. The nominal hole concentrations in the doped structures, evaluated from a self consistent solution of the Poisson and Schrödinger equations, are 2 × 10 11 cm −2 and 3 × 10 11 cm −2 for the two employed values of the spacer width. In the same way we obtainL W = 6.3 nm as an effective width of the hole layer, which is related to the hole ground state envelope function
For a control purpose, an undoped structure was also grown and examined.
An examination of the photoluminescence (PL) and its excitation spectra (PLE) was carried out as a function of temperature and the magnetic field [14, 15] . The magnetic field was parallel to the growth direction and the two circular polarizations in the Farady geometry were employed. As shown in figure 2 , the PL splitting ∆ = |E − − E + | under such conditions is not only exceptionally large, but increases in a dramatic way on lowering temperature. Actually, in all doped samples, a colossal value of ∂∆/∂H was observed above a characteristic temperature T c , and a zero field splitting below T c , where T c = 1.8 K for x = 0.024 [14] and 2.5 K for x = 0.037 [15] . The corresponding experimental data are summarized in figure 2 . No such effects were visible either in the undoped structure or in the presence of illumination by white light that depletes the QW from the carriers. The appearance of zerofield splitting was preceded by a critical increase of χ, as shown in figure 2b. The susceptibility in the limit of vanishing fields was determined from
The transition temperature deduced from the extrapolation of the susceptibility data shown in figure 2b agreed well with the temperature deduced from the appearance of the spontaneous magnetization. The critical behaviour of χ(T ) is unlike the gradual changes of χ(T ) associated with the formation of magnetic polarons [40, 47] , for which the finite volume involved precludes the existence of any second order phase transition [40, 48] .
These findings are interpreted as a ferromagnetic phase transition driven by the free holes which by means of the RKKY mechanism mediate ferromagnetic exchange interactions between the Mn spins. This conclusion is strongly supported by the theoretical model discussed above. According to that model [13] , the critical fluctuations of magnetization are of minor importance, so that we may write χ(T ) = C/(T + T o − Θ), where the influence of the delocalized carriers is described by Θ. According to the results of figure 2b, and in agreement with the model, the same values of the Curie constant C are observed in the presence and in the absence of the holes. At the same time, again in accord with the model, T c does not depend on p (as long as holes are delocalized) but increases withx. From T c and Θ = T c − T o the enhancement factor A F is obtained to be 2.5 ± 0.5, an expected value in view of the discussion presented in section 5.
In addition to enhancing Θ, static disorder and carrier-carrier interactions impose a strong influence on the optical properties. In particular, they lead to a band-gap narrowing [49] that amounts to 29 meV for all doped samples studied, as deduced from the energy difference between the free exciton reflectivity for the empty QW and the PL in the presence of the holes (7 meV at H = 0), and from an exciton binding energy of 22 meV, according to an estimate based on the 1s − 2s excitonic energy separation [50] in the undoped sample. Moreover, these renormalization effects are expected to vary strongly with the degree of carrier polarization. Accordingly, while the evaluated value of the splitting of the heavy hole subband corresponding to the full hole polarization, ∆ ≈ 6 meV for p = 2 × 10 11 cm −2 , is not inconsistent with the experimental results of figure 2, the achievement of the saturation with the lowering of temperature proceeds slower than predicted by the model. A work is under way aimed at determining the effect of the renormalization on the dependence ∆(T, H) as well as at examining the domain structure in this novel ferromagnetic system.
Conclusions and outlook
The findings presented above demonstrate that p-type doping actually constitutes the method for substantial enhancement of magnetic effects, and then magnetooptical effects in DMS, leading -in appropriately designed structures -to a ferromagnetic phase transformation. Additional enhancement of the tendency towards the ferromagnetic ordering is possible by engineering such a microscopic distribution of the magnetic ions, which would reduce T o and/or increase Θ. Since the interactions between localized spins mediated by the carriers are long range ones, a simple mean-field approach gives a correct quantitative description of magnetic properties, even in reduced dimensionality systems. At the same time, the data make it possible to evaluate the strength of many body effects for the case of two-dimensional hole gas. Moreover, while our results demonstrate the possibility of changing the magnetic phase by light, other means -such as gates -are expected to also provide a high degree of control over magnetic properties in modulation-doped structures. This opens new prospects for further studies of coupled carrier liquids and localized spins in novel geometries and material systems.
